Introduction
Paper [1] introduced the black-hole numbers problem that is extensively paid close attention to in recent years. It considered black-hole numbers are essentially fixed points of natural numbers under some kind of iteration. Paper [1] also studied the fixed and periodic points under iteration of sum of biquadrates of digits and put forward that there are four fixed points, a pair of binary-period points and one group (seven) 7-period points for this iteration, through which, the probability that a positive integer fall into the fixed or periodic point is unbalanced and it mostly fall into 7-period point.
Paper [2] also introduced iteration of sum of squares of digits in the section of "happy number" [2] (P.234-235),which means the natural number falling into the fixed point 1 under iteration of sum of squares of decimal digits. Some problems are put forward："If we replace squares by cubes, then the situation is dominated, at least in base 10 …… These converge to 370, or to one of From the study in Paper [1] , we can conclude that the density of happy number is about 18/114=3/19 under iteration of sum of squares. It is consistent with "It seems that about 1/7 of all numbers are happy" in paper [2] . To cubic sum iteration, the proportions of seven cases are about: 7/500 for that fall into 1, 17/50 for 153, 9/50 for 370, 29/100 for 371, 23/500 for 407, 3/250 for 2-circle（136,244）, 13/500 for 2-circle (919,1459), 21/500 for 3-circle (160,217,352), 3/50 for 3-circle (55,250,133). The numbers that fall into 2-circle (136,244) are almost as rare as that fall into "black hole" 1. Maybe the natural numbers that fall into 2-circle (136,244) are "happier". Under iteration of sum of biquadrates, numbers that fall into "black hole"1 or "black hole" 1634 are similarly scarce and both their proportions are less than 0.2%;Most natural numbers fall into 7-circle 3rd International Conference on Material, Mechanical and Manufacturing Engineering (IC3ME 2015) (1138, 4179, 9219, 13139, 6725, 4338, 4514 ) and its proportion is about 90%.（Within 32806, there are 1536 positive integers, in which any digit in high place is not greater than that in low place.）
Iteration of sum of squares of digits
Now we discuss the converging situation under iteration of sum of squares of digits in some positional numeral systems based on [1] .
In binary, since sum of squares of digits for each 2-digit binary number is less than or equal to 1 2 ×2=2=10 (2) , in other words, for each positive integers that are greater than 3, its result of iteration must be less than itself by single iteration of sum of squares of binary digits. So only by calculation of natural numbers less than 3,we can find this iteration of every positive integer converge to the fixed point 1.
In ternary, since sum of squares of digits for each 2-digit ternary number is less than or equal to 2 2 ×2=8=22 (3) , so only by calculation of positive integers less than 8, we can find this iteration has three fixed points 1, 5=12 (3) , 8=22 (3) and 2-circle (2, 4)=(2, 11) (3) . Each proportion of natural numbers falling into three fixed points is about 1/5 and the proportion of falling into 2-circle is about 2/5.
In quaternary, since 3 2 ×3=27=123 (4) , so only by calculation of positive integers less than 27, we know under this iteration, all positive integers fall into fixed point 1. Within 27, several natural numbers that have greater height are 21=111 (4) , 24=120 (4) , and 27=123 (4) . They all converge to 1 after iterating six times.
In quinary, since 4 2 ×3=48=143 (5) , so calculating 23 positive integers within 48,in which a digit in high place is not greater than that in low place, we know the iteration has three fixed points 1, 13=23 (5) , 18=33 (5) , and one 3-circle (4, 16, 10)=(4, 31,20) (5) . Proportions for converging to four cases are about 5/23, 6/23, 1/12, 10/23 respectively. In it, natural numbers that converge to fixed point 18=33 (5) are the least. Within 44, besides 18=33 (5) , there is only one number 34=114 (5) in which high digit is not greater than the low one. Therefore, to the iteration of sum of squares of digits in quinary, the natural number falling into 18=33 (5) in the iteration may be called happy number.
In senary, since 5 2 ×3=75=203 (6) , so calculating 35 positive integers within 75, in which a digit in high place is not greater than that in low place, we know the iteration has a fixed point 1 and a 8-circle (5, 25, 17, 29, 41, 26, 20, 13)=(5, 41, 25, 45, 105, 42, 32, 21) (6) The proportion for converging to 1 is about 2/35. Among the natural numbers within 71, in which the high digit is not greater than the low one, besides number 1, only one number:44=112 (6) falls into 1 after iterating two times.
In septenary, since 6 2 ×3=108=213 (7) , so calculating 48 positive integers within 108, in which a digit in high place is not greater than that in a low place, we know the iteration has five fixed points: 1, 10=13 (7) , 25=34 (7) ,32=44 (7) ,45＝63 (7) , and two 4-circles (2,4, 16, 8)=(2, 4, 22, 11) (7) , (13, 37, 29, 17)=(16, 52, 41, 23) (7) . Proportions for converging to seven cases are about 1/48, 11/48, 3/16, 1/48, 1/8, 1/4, 1/6 respectively.
In octal, since 7 2 ×3=147=223 (8) , so calculating 65 positive integers within 147, in which a digit in high place is not greater than that in low place, we know the iteration has three fixed points: 1, 20=24 (8) , 52=64 (8) , two 2-circles (4, 16)=(4, 20) (8) , (13,26)=(15, 32) (8) , and one 3-circle (5, 25,10)=(5, 31,12) (8) . Proportions for converging to six cases are about 1/13, 6/65, 2/65, 21/65, 11/65, 20/65 respectively.
In nonary, since 8 2 ×3=192=233 (9) , so calculating 88 positive integers within 192,in which a digit in high place is not greater than that in low place, we know the iteration has three fixed points: 1, 41=45 (9) , 50=55 (9) , one 2-circle (68, 74)=(75, 82) (9) , and one 3-circle (53, 89,65)=(58, 108,72) (9) . Proportions for converging to six cases are about 7/88, 3/88, 13/44, 19/88, 3/8 respectively.
In denary, we know the iteration has one fixed point 1, and one 8-circle (4, 16, 37, 58, 89, 145, 42, 20) . Proportions for converging to two cases are about 3/19, 16/19 respectively.
In the undecimal positional notation system, since 10 2 ×3=300=253 (11) , so calculating 144 positive integers within 300, in which a digit in high place is not greater than that in low place, we know the iteration has three fixed points: 1, 61=56 (11) , 72=66 (9) , two 3-circles (5, 13, 25)=(5, 12, 23) (11) In hexadecimal, since 15 2 ×3=675=2A3 (16) ; so calculating 339 positive integers within 675, in which a digit in high place is not greater than that in low place, we know the iteration has one fixed points 1, and one 6-circle (13, 169, 181, 146, 85, 50)=(D, A9, B5, 92, 55, 32) (16) . Proportions for converging to two cases are about 94/339, 245/339 respectively.
The numbers of fixed and periodic points under iteration of sum of squares of digits on several positional systems mentioned above are listed in Table 1 . 
Iteration of sum of Cubes of digits
Now we discuss the converging situation under iteration of sum of cubes of digits in some positional numeral systems.
In binary, since sum of squares of digits for each 2-digit binary number is less than or equal to 1 3 ×2=2=10 (2) , in other words, for each positive integers that greater than 3, its iterating result must be less than itself by single iteration of sum of cubes of binary digits. So computing only to natural numbers that less than 3, we can obtain this iteration of every positive integer fall into the fixed point 1.1 2 ×2=2=10 (2) , in other words, for each positive integers that are greater than 3, its result of iteration must be less than itself by single iteration of sum of cubes of binary digits. So only by calculation of natural numbers less than 3,we can find this iteration of every positive integer converge to the fixed point 1.
In ternary, since sum of cubes of digits for each 2-digit ternary number is less than or equal to 23×3=24=220 (3) , so only by calculation of positive integers less than 24, we can find this iteration has two fixed points 1, 17=122 (3) and one 4-circle (2, 8, 16, 10)=(2, 22, 121, 101) (3) . Proportions for converging to seven cases are about 3/8, 1/8, 1/2 respectively.
In quaternary, since 3 3 ×4=108=1230 (4) , so computing 27 positive integers which their a digit in higher position is less or equal than a lower one within 108, we know has nine fixed points 1, 8=20 (4) , 9=21 (4) , 28=130 (4) , 29=131 (4) , 35=203 (4) , 43=223 (4) , 55=313 (4) , 62=332 (4) . Proportions for converging to nine cases are about 2/9, 1/9, 1/3, 1/27, 1/27, 4/27, 1/27, 1/27, 1/27 respectively.
In quinary, since 4 3 ×4=256=2011 (5) , so computing 54 positive integers which their a digit in higher position is less or equal than a lower one within 256, we know the iteration has three fixed points 1, 28=103 (5) , 118=433 (5) , and one 3-circle (9, 65, 35)=(14, 230, 120) (5) . Proportions for converging to four cases are about 1/27, 1/2, 1/54, 4/9 respectively.
In senary, since 5 3 ×4=500=2152 (6) , so computing 90 positive integers which their a digit in higher position is less or equal than a lower one within 500, we know the iteration has four fixed points 1, 99=243 (6) , 190=514 (6) , 251=1055 (6) , and one 5-circle (9, 28, 128, 62, 73)=(13, 44, 332, 142, 201) (6) . Proportions for converging to five cases are about 44/90, 1/30, 17/90, 1/45, 4/15 respectively.
In septenary, since 6 3 ×4=864=2343 (7) , so computing 158 positive integers which their a digit in higher position is less or equal than a lower one within 864, we know the iteration has seven fixed points: 1, 9=12 (7) , 16=22 (7) , 133=250 (7) , 134=251 (7) , 152 ＝ 305 (7) , 250 ＝ 505 (7) , four 2-circles (2,8)=(2, 11) (7) , (91, 217)=(160, 430) (7) , (92, 218)=(2, 11) (7) , (244, 496)=(466, 1306) (7) , two 3-circles (10, 28, 64)=(13, 40, 121) (7) , (36, 126, 72)=(51, 240, 132) (7) , one 4-circles (258, 342, 648, 282)= (516, 666, 1614, 552) (7) , and one 9-circles ( 17, 35, 125, 251, 341, 557, 137, 197, 65)=(23, 50, 236, 506, 665, 1424, 254, 401, 122) (7) In octal, since 7 3 ×4=1372=2534 (8) , so computing 249 positive integers which their a digit in higher position is less or equal than a lower one within 1372, we know the iteration has six fixed points: 1, 92=134 (8) , 133=205 (8) , 307=463 (8) , 432=660 (8) , 433=661 (8) , and one 5-circle (434, 440, 559, 469, 476)=(662, 670, 1057, 725, 734) (8) . Proportions for converging to seven cases are about 59/249, 9/83, 4/249, 1/83, 5/83, 5/249, 136/249 respectively.
In nonary, since 8 3 ×4=2048=2725 (9) , so computing 364 positive integers which their a digit in higher position is less or equal than a lower one within 2048, we know the iteration has eight fixed points: 1, 27=30 (9) , 28=31 (9) , 126=150 (9) , 127=151 (9) , 468=570 (9) , 469=571 (9), 1052=1388 (9) , two 2-circles (521, 755)=(638, 1028) (9) , (665, 1025)=(818, 1358) ( In the undecimal positional notation system, since 10 3 ×4=4000=3007 (11) , so calculating 670 positive integers within 4000, in which a digit in high place is not greater than that in low place, we know the iteration has eight fixed points: 1, 35=32 (11) , 126=105 (11) , 370=307 (11) , 855=708 (11) , 1161=966 (11) , 1216=A06 (11) , 1280=A64 (11) , two 3-circles (3, 27, 133)=(3, 25, 111) (11) , (9, 729, 243)=(9, 603, 201) ( In dozenal, since 11 3 ×4=5324=30B8 (12) , so calculating 869 positive integers within 363, in which a digit in high place is not greater than that in low place, we know the iteration has five fixed points: 1, 811=577 (12) , 944=668 (12) , 1539=A83 (12) , 2002=11AA (12) , one 3-circles (1001, 1672, 1738)=(6B5, B74, 100A) (12) , and one 14-circles (8, 512, 755, 1464, 1008, 343, 415, 1351, 1136, 1855, 1344 In base-13, since 12 3 ×4=6912=31B9 (13) , so calculating 1104 positive integers within 6912, in which a digit in high place is not greater than that in low place, we know the iteration has five fixed points 1, 793=490 (13) , 794=491 (13) , 854=509 (13) In base-14, since 13 2 ×4=8788=32BA (14) , so calculating 1378 positive integers within 8788, in which a digit in high place is not greater than that in low place, we know the iteration has three fixed point: 1, 244=136 (14) , 793=409 (14) , one 3-circle (134, 1241, 1009)=(98, 649, 521) (14), one 16-circle (540, 1520, 1855, 1288, 728, 1027, 277, 1457, 560, 1736, 2240, 1547, 2414, 2008, 1243 , 1611)=(2A8, 7A8, 967, 680, 3A0, 535, 15B, 761, 2C0, 8C0, B60, 7C7, C46, A36, 64B, 831) (14) , one 27-circle (9, 729, 1028, 368, 1793, 738, 2027, 2395, 1756, 2925, 3926, 433, 2213, 1396, 1344, 1944, 4185, 2605, 2262, 2186, 1347, 1971, 2331, 3402, 153, 3197, 198 
Conclusion
The Table 1 and 2 shows there are different fixed points and circles of iteration of sum of squares or cubes of digits on some positional systems.
On the iteration of sum of squares of digits, in binary and quaternary these points all converge to fixed point 1. There are three fixed points and one 2-circle in ternary, three fixed points and one 3-circle in quinary, one fixed points and one 8-scircle in senary, five fixed points and two 4-circles in septenary, three fixed points and two 2-circles and one 3-circle in octonary, three fixed points and one 2-circle and one 3-circle in nonary, one fixed point and one 6-circle in hexadecimal.
On the iteration of sum of cubes of digits, in binary these points all converge to fixed point 1. There are two fixed points and one 4-circle in ternary . There are only nine fixed points in quaternary. There are three points and one 3-circle in quinary, four fixed points and one 5-circle in senary, seven fixed points, four 2-circles, two 3-circles, one 4-circles and one 9-circlein septenary, six fixed points and one 5-circle in octonary, eight fixed points, two 2-circle, one 5-circle and one 11-circle in nonary, 24 fixed point, two 2-circles, one 3-circle, one 6-circle, two 10-circles, one 14-circle and one 15-circle in hexadecimal. The longest circle is found in base-14 and it is a 27-circle.
Through several sum iteration of squares or cubes of digital number on various positional systems, probabilities of every fixed or periodic points are unbalanced. It may be an interesting but difficult problem whether we can find the regularity of fixed points and circles of the iteration on different bases. Base  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  Numbers of  fixed points  1  2  9  3  4  7  6  8  5  8  5  5  3  3  24   Numbers of  2-circles  0  0  0  0  0  4  0  2  2  0  0  4  0  3 
